Abstract The plasma temperature (or the kinetic pressure) anisotropy is an intrinsic characteristic of a collisionless magnetized plasma. In this paper, based on the two-fluid model, a dispersion equation of low-frequency (ω ωci, ωci the ion gyrofrequency) waves, including the plasma temperature anisotropy effect, is presented. We investigate the properties of low-frequency waves when the parallel temperature exceeds the perpendicular temperature, and especially their dependence on the propagation angle, pressure anisotropy, and energy closures. The results show that both the instable Alfvén and slow modes are purely growing. The growth rate of the Alfvén wave is not affected by the propagation angle or energy closures, while that of the slow wave depends sensitively on the propagation angle and energy closures as well as pressure anisotropy. The fast wave is always stable. We also show how to elaborate the symbolic calculation of the dispersion equation performed using Mathematica Notebook.
Introduction
The plasma temperature (or the kinetic pressure) anisotropy is an intrinsic characteristic of magnetized plasmas, in particular, collisionless plasmas such as astrophysical and space plasmas. The stabilities of lowfrequency waves (Alfvén, slow and fast waves) driven by the temperature anisotropy in magnetized plasmas have been discussed extensively in plasma physics. One of the two most famous instabilities is the so-called firehose instability for which p > p ⊥ , and the other is the mirror instability for which p ⊥ > p [1∼3] , where, p and p ⊥ are the parallel and perpendicular thermal pressure, respectively. Discussions of the two instabilities either on the basis of the magnetohydrodynamic theory or the Vlasov kinetic theory have been presented by some authors [4∼10] . Including the effects of finite ion or ion-acoustic gyroradius, YOON et al. [11, 12] and CHEN et al. [13] investigated the fire-hose instability associated with kinetic Alfvén waves (KAWs) driven by the ion and electron temperatures anisotropy in high-β (i.e., the ratio of the kinetic to the magnetic pressures) plasmas, respectively. STASIEWICZ [14] attempted to develop a Hall magnetohydrodynamics (MHD) model for the mirror instability. A serious issue, however, has been raised of whether the Hall MHD model is appropriate for describing the high-β plasmas when the finite Larmor radius (FLR) effects come into play [15] .
Although many electromagnetic instabilities demand a kinetic treatment, we derive a dispersion equation from the two-fluid model, which can set some very relevant guidelines. The properties of low-frequency waves as well as their instabilities depend sensitively on a number of parameters, such as the propagation angle θ, the plasma temperature in the form of the plasma β, and the thermodynamic process described by the polytropic exponents γ. These parameters can often have complex and wide variations in space and the astrophysical plasma environment. As HAU [16] pointed out, in the magnetosheath the plasma is usually neither isothermal nor adiabatic. Based on the two-fluid model, we employ the double-polytropic law for the state equations as the energy closure, which is a generalized version of the Chew-Goldberger-Law (CGL) bi-adiabatic law [17] and may model various thermodynamic processes with general polytropic exponents [4] . Nevertheless, the procedure of deriving the dispersion equation in terms of dimensionless parameters is quite complicated. Fortunately, Mathematica Notebook can serve as a tool of a quick symbolic calculation to deal with the complicated calculation and to save a lot of time. Moreover, it is very easy to adapt different cases based on whether the system has more species or not, is adiabatic or not, is isothermal or not, has anisotropy or not, etc.
By using the Mathematica Notebook, we obtain a dispersion equation for low-frequency waves in magnetized plasmas with temperature anisotropy. Furthermore, based on this dispersion equation, we discuss the effects of the propagation angle, the pressure anisotropy, and the energy closures on the three low-frequency waves. This paper is organized as fol-lows. First, we describe the basic equations of the twofluid model of magnetized plasmas with temperature anisotropy and their linearizing fluctuation formations in section 2. Then, we discuss the dependence of the low-frequency waves on the plasma parameters in section 3. Finally, a summary and conclusions are presented in section 4.
Dispersion equation derived from the two-fluid model
In a proton-electron plasma, which is magnetized by a uniform magnetic field B 0 along the z direction, the complete two-fluid model set can be written as follows:
where, E is the electric field, B the magnetic field, ∂ t the partial derivative with respect to the time t, ∇ the 3-dimensional spatial gradient operator, e the elementary charge, µ 0 the permeability of the free space, 0 the permittivity of the free space, m e(i) , n e(i) , v e(i) , p e(i) , p e(i) , p e(i)⊥ , γ e(i) and γ e(i)⊥ the electron (ion) mass, density, velocity, thermal pressure tensor, parallel thermal pressure, perpendicular thermal pressure, parallel polytrope exponent and perpendicular polytrope exponent, respectively. Here, parallel and perpendicular refer to the directions with respect to the ambient magnetic field vector. p e(i) = p e(i) bb + p e(i)⊥ (I −bb) andb=B/B is the unit vector along the direction of the magnetic field vector, and I is the unit tensor. We mark the unperturbed and perturbed quantities with the subscript 0 and the prefix δ, respectively. For one-dimensional plane waves propagating in the x − z plane, which have the wave vector (k x , 0, k z ) and the frequency ω, all perturbed quantities vary in the form:
and the linearizing parallel and perpendicular perturbed velocities of the protons and electrons can be obtained as follows:
where, 
Through Maxwell-Faraday equation, the perturbed field δB is then replaced by δE. The density perturbations δn i and δn e follow from Eq. (1) and Eq. (2):
Once the velocities are obtained, the linear expression of the current δJ can be explained in terms of δE through, δJ = e (n i0 δv i − n e0 δv e ) ,
finally, following WU [18] , for the low-frequency (ω ω ci ) and nonrelativity case, in which the Maxwell's displacement current term on the right-hand side of Eq. (10) may be neglected, the compatibility of the Maxwell-Faraday and Maxwell-Ampère laws leads to the dispersion tensor in the form of Λ · E = 0, and the dispersion equation can be obtained by calculating |Λ| = 0 through:
Additionally, it is useful to introduce some dimensionless parameters as follows:
where
/m e(i) being the electron (ion) parallel and perpendicular thermal velocities, respectively.
is the Alfvén velocity, ω A = k z V A the Alfvén frequency, ω pi = n i0 e 2 /m i 0 the ion plasma frequency, λ i = c/ω pi = V A /ω ci the ion inertial length and c the light speed, θ the angle between the wave vector k and the ambient magnetic field B 0 .
Results and discussion
For the present paper, Mathematica Notebook is used to obtain the dispersion equation due to its quick symbolic calculation in solving quite complicated processes. We directly write the result as follows and a detailed derivation of this equation performed by Mathematica Notebook step by step is given in the appendix.
with the coefficients
where the parameters
In the equations above, β j⊥( ) is the perpendicular (parallel) plasma β for the jth species (j = i, e). We have neglected the small terms of order m e /m i and the kinetic effect (δk = 0). Note that by setting γ e = γ e⊥ = γ i = γ i⊥ = 1 and β e = β i = β e⊥ = β i⊥ = β in the above dispersion equation, one may recover the standard isotropic MHD dispersions for Alfvén, slow and fast modes. The wave dispersion relation derived by HAU et al. [4, 6] can be recovered by substituting γ e = γ i = γ , γ e⊥ = γ i⊥ = γ ⊥ and β e +β i = β , β e⊥ +β i⊥ = β ⊥ , which examined the firehose type instabilities based on the double-polytropic MHD theory. Fig. 1 plots the three roots in Eq. (26) versus the propagation angle θ for the fixed parameters γ i⊥ = γ i = γ i⊥ = γ i = 1 and β i = 3, β i⊥ = 0.8, β i = β i⊥ = 2. From the top down, the curves correspond to the Alfvén, slow and fast modes, respectively, where the solid (dashed) lines plot the corresponding normalized real frequency (growth rate).
From Fig. 1 , we see that the Alfvén wave is in pure growth (the real frequency ω r = 0) and not affected by the propagation angle for the reason that the instability condition associated with the Alfvén wave, j (β j − β j⊥ ) > 2, is independent of the propagation angle. The slow wave is also in pure growth in the quasi-parallel direction and the growth rate decreases as the propagation angle θ increases. Then, the real frequency takes on a finite value again as the instability vanishes. However, the fast wave is shown to be stable. Fig.1 The dispersion relations versus the propagating angle θ: Panels, from the top down, present the Alfvén, slow and fast modes, respectively, where the solid (dashed) lines plot the corresponding normalized real frequency (growth rate), the parameters γ i⊥ = γ i = γ e⊥ = γ e = 1 and β i = 3, β i⊥ = 0.8, β e = β e⊥ = 2 have been used
In an electron-ion plasma, for the fire-hose instability associated with the Alfvén wave driven by the plasma temperature anisotropy, the instability condition results in a critical value of the anisotropy factor
when we let β e or β i vary and set all other three β parameters all to be 2. Fig. 2 shows the dispersion relations when the anisotropy factor varies over the critical point δ = 1. From the top down, the curves correspond to the Alfvén, slow and fast modes, respectively, where θ = 0
• (the left column) and θ = 30
• (the right column) represent the parallel and oblique propagating cases. The fixed parameters γ i⊥ = γ i = γ e⊥ = γ e = 1 and β i⊥ = 2, β e = β e⊥ = 2 have been used, the solid (dashed) lines plot the corresponding normalized real frequency (growth rate). Fig.2 The dispersion relations versus the anisotropy factor δ: Panels, from the top down, present the Alfvén, slow and fast modes, respectively, where the solid (dashed) lines plot the corresponding normalized real frequency (growth rate) and the left and right columns correspond to the cases of parallel (θ = 0
• ) and oblique (θ = 30 • ) propagations, respectively. The parameters γ i⊥ = γ i = γ e⊥ = γ e = 1 and β i⊥ = 2, β e = β e⊥ = 2 have been used From Fig. 2 , we find that, the Alfvén and slow waves degenerate at parallel propagation (see the left column), and both the instabilities occur with zero real frequency when the anisotropy factor δ ≥ 1. However, for the oblique propagating case (see the right column), the Alfvén wave is also in pure growth when the anisotropy factor δ ≥ 1 while the slow mode becomes unstable when a larger degree of anisotropy (larger δ) is satisfied. This indicates that the instability associated with Alfvén wave can be more effectively excited and have a wider unstable parameter range than that of the slow wave.
We introduce the parameter: τ e(i) (τ e(i) = γ e(i) /γ e(i)⊥ ) represents the polytrope exponent ratio of parallel to perpendicular. From the instability condition, we can conclude that the instability associated with Alfvén wave is also independent of the polytrope exponent (energy closure). However, the polytrope exponent can remarkably influence the dispersion relations of slow and fast waves. For the fast wave is always stable, we only show the dependence of the dispersion relation for the slow mode on the polytrope exponent ratio of parallel to perpendicular τ in Fig. 3 , where θ = 30
• (the left side) and θ = 60
• (the right side) represent the quasi-parallel and quasi-perpendicular propagating cases. The parameters γ e = γ i , γ e⊥ = γ i⊥ = 1 and β i⊥ = 2, β e = β e⊥ = 2 have been used, the solid (dashed) lines plot the corresponding normalized real frequency (growth rate) and the ion anisotropy factor δ i = 1.2, 1.8, 4, 8, 10 . Fig.3 The dispersion relation of slow wave versus the polytrope exponent ratio of parallel to perpendicular τ : the left and right sides correspond to the cases of quasi-parallel (θ = 30
• ) and quasi-perpendicular (θ = 60 • ) propagations, respectively, where the solid (dashed) lines plot the corresponding normalized real frequency (growth rate) and the ion anisotropy factor δi = 1.2, 1.8, 4, 8, 10. The parameters γ e = γ i , γ e⊥ = γ i⊥ = 1 and β i⊥ = 2, β e = β e⊥ = 2 have been used From Fig. 3 , we find that, the growth rate decreases from its maximum at the original point of τ = 0 to zero at the critical polytrope exponent ratio τ c . This indicates that there is a growing region of the polytrope exponent ratio between 0 < τ < τ c , where the growth rate has a positive nonzero value and decreases with τ . Outside this growing region, that is, τ > τ c , the instability has a zero growth rate. From Fig. 3 , it is clear that the critical ratio τ c increases monotonously as the anisotropy factor δ i increases for the quasi-parallel propagating case (see left side). However, for the quasiperpendicular propagating case (see right side), the critical ratio τ c first decreases for small δ i < 4, and then increases for large δ i > 4 as the δ i increases.
Summary and conclusion
The low-frequency waves (Alfvén, slow and fast waves) are intrinsic and ubiquitous fluctuation pro-cesses in space and astrophysical plasmas. The instabilities associated with the low-frequency waves, which are driven by the temperature anisotropy, play a significant role in the dynamics of magnetized plasmas. One of the most interesting properties of these instabilities is their dependence on the local plasma parameters, such as the pressure anisotropy and the energy closures, which usually have widely varying ranges in space and astrophysical plasma environments. A set of double-polytropic laws with two empirical polytropic exponents as the energy closure in the two-fluid model can deal with various thermodynamic processes [4] .
On the basis of the two-fluid model, we describe a Mathematica Notebook allowing for the symbolic calculation of the dispersion equation of low-frequency waves, including the temperature anisotropy. Then, the effects of the propagation angle, the pressure anisotropy, and the energy closures on the three lowfrequency waves are discussed. The results show that the fast wave is always stable. Unlike the fast mode, the Alfvén and slow modes can both become instable and the instable Alfvén and slow modes are both purely growing. However, the Alfvén wave is only affected by the pressure anisotropy, while the slow wave depends sensitively on the propagation angle and the energy closures as well as the pressure anisotropy.
In particular, the result shows that the energy closures of the plasma can considerably influence the firehose instable condition for the slow waves. There is a critical value of the parallel to perpendicular polytrope exponent ratio τ , τ c . When τ < τ c , the slow wave becomes instable. For the quasi-parallel propagation case of θ < 45
• , the critical ratio τ c increases monotonously with the anisotropic factor δ i . For the quasi-perpendicular propagation case of θ > 45
• , however, the critical ratio τ c decreases with δ i for small δ i < 4, but increases with δ i for large δ i > 4.
Appendix
We start declaring the variables corresponding to the wave vector, the electric field, the magnetic field, the velocities, densities and thermal pressures for each species j = i for the proton and j = e for the electron.
; note that n i0 = n e0 = n 0 has been used, the wave vector lies in the (x, z) plane. The uniform magnetic field is set along the z direction, δB is defined through Maxwell-Faraday's equation.
In what follows, Mathematica is used to solve the δv i and δv e first. We use five entries to represent Eqs. (11 ∼ 14) with index j instead of i or e: Eq1 = Expand[ 
